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Abstract

Let u be a finite positive Borel measure supported in [—1, 1] and introduce the discrete
Sobolev-type inner product

1 K Ny
= S0 di)+ 37 S M far) 6 @),
- k=1 i=0

where the mass points a; belong to [—1,1], My ;=0, i=0,...,N; — 1, and My, >0. In this
paper, we study the asymptotics of the Sobolev orthogonal polynomials by comparison with
the orthogonal polynomials with respect to the measure u and we prove that they have the
same asymptotic behaviour. We also study the pointwise convergence of the Fourier series
associated to this inner product provided that u is the Jacobi measure. We generalize the work
done by F. Marcellan and W. Van Assche where they studied the asymptotics for only one
mass point in [—1, 1]. The same problem with a finite number of mass points off [—1, 1] was
solved by G. Lopez, F. Marcellan and W. Van Assche in a more general setting: they consider
the constants Mj; to be complex numbers. As regards the Fourier series, we continue the
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results achieved by F. Marcellan, B. Osilenker and I.A. Rocha for the Jacobi measure and
mass points in R\[—1,1].
© 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction

Let 1 be a finite positive Borel measure supported on the interval [—1,1] with
infinitely many points at the support and let a, kK =1, ..., K, be real numbers such
that @ e[—1,1]. For f and g in L*(u) such that there exist the derivatives in ay, we
can introduce the Sobolev-type inner product

1 K Nk . R
Loy = [ S0 dut) + 30> Miss ae) (e (1)
- k=1 =0

where M ;>0 for i=0,..., Ny — 1, and My, >0 when k=1, ..., K. We assume

u({ax}) = 0, otherwise the corresponding My o should be modified. Let (By);” o be
the sequence of orthonormal polynomials with respect to this inner product,

<§n7§k>:5n,k7 k,n:(),l,...

Lopez et al. [1] deduced the relative asymptotics for the orthogonal polynomials with
respect to the Sobolev inner product with mass points outside [—1, 1] and complex
constants My ;. Marcellan and Van Assche [4] analyzed such a question when there is
only one mass point inside [—1,1]. Here we deal with an extension of this last

problem with a finite number of masses. We compare the polynomials B, with the
polynomials ( p,),, orthonormal with respect to u. The technique used in this paper
is a generalization of the one used for obtaining estimates of the Sobolev orthogonal
polynomials in [2,3]. There, F. Marcellan, B. Osilenker and I. A. Rocha studied the
pointwise convergence of the Fourier series for sequences of orthogonal polynomials
with respect to the inner product (1) for the Jacobi measure and with mass points
outside [—1,1].

The main results concerning asymptotic properties are given in Section 2. In

Theorem 2.1 we prove that g:((:; tends to 1, in Theorem 2.2 we obtain for En(x) the

usual weak asymptotics, and, in Theorem 2.3, the asymptotics for the coefficients in
the recurrence relation of the Sobolev orthonormal polynomials are given.

In Section 3, we consider the pointwise convergence of the Fourier series with
respect to (1) provided that u is the Jacobi measure. We continue the work achieved
in [2,3] and prove the pointwise convergence for the Fourier series of functions which
satisfy some standard sufficient conditions as in the previous mentioned papers.
Although the techniques used there are not valid when the mass points lie in [—1, 1],

following the same idea, they can be generalized and, apart from the estimates of B,



338 LA. Rocha et al. | Journal of Approximation Theory 121 (2003) 336-356

which allow more precise results for the behaviour of the kernels, the same
conclusions follow.

2. Asymptotics

From now on x(I1,) denotes the leading coefficient of any polynomial I, with real
coefficients, and n is the degree of the polynomial.
Let N/ be the positive integer number defined by

. ) N+ 1 if Niis odd,
FTYNe+2 if Ny s even,

and let wy(x) = Hk (e — ar)™¢ where N = Zk , Ni. Let (pn),-, be the sequence
of orthonormal polynomials with respect to pu.

Lemma 2.1.
WN(X)EH (X) = Z An,jpn+N7j(x)7 Apo#0.

Moreover, A, ; are bounded and A,>n = Eﬁn’ﬂg L 0.

Proof. Since wy (x)B,(x) = Z'H}fv oy, ;pj(x) and

1
Oy, j = / W (%) Bu(x)pj(x) du(x) = {(By,wnp;» =0, j<n—N,
_1

we have the first assertion with A4, ; = o, ,4ny—;. Furthermore,

xe[-1,1]

2N 1
S 4= [ B0 duto< max v
j=0 -

o~

and thus (4,, ;) are bounded. Also 4,9 = fil W (X) B (X)puin (x) dp(x) = —4BoL_ a5

K( 1711+N>
well as
! =~ K(Pn-N)
Wi (%) By (X)pp-n(x) du(x) = { By, Wypu-n ) = ———=—
1 K(Bn)
K(pn N
K(PnJrN)

and the lemma holds. O

Let A be a sequence of nonnegative integers such that lim,cs 4, ; = A; for j =

0,...,2N. When ¢/(x)>0 a.e., since 4g< oo and lim,_, » % = 2,% as it is well

known (see [5,6]), A,y has to be greater than zero. Let
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2N

Moy (x Z A—
where, for each j, T;(x) is the Chebyshev polynomial of the first kind and degree ;.

Lemma 2.2. If i/(x)>0 a.e. then the polynomial T,y satisfies HzN(ak) =0 fori=
0,1, ...,N;—landk=1,....K

Proof. For a given ke{l,2,...,K}, let ¢>0 and ie{1,2,...,N;}. Consider the
function

0 if xe[—1,a; + ¢,
Vis () ——— if xe(a +e1].
(x — ax)
This function is bounded in [-1,1] and satisfies the condition

max.c(—i1) Wy (x)¥;,.(x)| < C for some constant C independent of &.
As it is well known (see [5,6]), since u/(x)>0 a.e.,

1
L VLT -1 o,
n— 1— x2
for all Borel measurable function f bounded on [—1,1]. As a consequence, the

n+N

expression of wy (x)B,(x) in terms of (pj)ji—o of Lemma 2.1 gives

1

) N 1 1 2N
lim wmmmuwwmmmgwmwozgjlg;mnwmgmwrjg

—1

From the Cauchy—Schwarz inequality,

V )P (2w (W (5) ()

<c( /_ 1] B2(x) du(x)>]/2

1/2

([ st <c

and we get
AL dx
lim su —/ E ATy (X)W, (x) ——|<C fori=1,...,N;. 2
aaOp T J v=0 ( )l//( )m k ( )

When i = 1 we have

/ H2N lpls )m
N 1
:HQN(ak)/_l l/jl’z;(X)\/T—xz_F/—l(HzN(X) — oy (@) () N
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Thus, condition (2) holds if and only if TTyy (a;) = 0. If we suppose now Hg‘l’@(ak) =0
for 0<j<i—1<N;—2 and write [yy(x) = (x — a;)'Tly_;(x), with the same
argument for f_ll (x — (zk)"Hz,V_i(x)lpHl‘s(x)\/l"—f—Yz we get H(z?\,(ak) = 0. Note that
when @, = 1 the definition of ;. must be modified in the obvious way. [J

Lemma 2.3. If i/ (x) >0 a.e. then

Iy (x) = 2" Ty (x) f[ (x — )"t

Proof. Fora given ke{l,...,K}, lety,; (x), e>0andi=1,..., N, be the functions
given by

if |x — ag|>e,
0 if |x —ap|<e.

Using Lemma 2.2, write 2‘2,50 A, T,(x) = Hszl (x — ar)V Ry (x) where Ry(x) is a
polynomial of degree N. From the boundedness of v, .(x) we get

1
fim lim [ wx () Ba (X)pin (X)W, (x) dp(x)

e—>0 neA
dx
l‘i%n/ ZA"T” Wiol¥) =
N¥
X —a;) d
= o o) e ()
(x —a)' V1—x2

K N
because [[2; (x — ;)" ;,(x) are bounded and as a consequence of the Lebesgue
dominated convergence Theorem. Moreover

1

wy (x) 1 P& 1 dx
‘/ X)puen (X md“(x)_E O ;A”T"(x)(x—ak)i - x2
1
<| [ Biomrty ) = [ B (90, (3) d)

X — dj

1
+ \ / B () (0w ()W () ()

1

1 1 2N 1 d
— [ S anE &
nJ = (x —ar)' V1 —x?
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Given 0>0, from (3), limyca 112 <& for £>0 small enough. On the other hand,

ai+e R w (x
= B0 )
' a— (x —ax)
and, since there is a constant C, independent from ¢ and i, such that ‘—(W“’(x)), <C,
xX—ay

from the Cauchy—Schwarz inequality,

ax+e 1/2
1,5_,‘2<C( / piW(x)du(x)) .
a,

k—¢&

But p2, y(x) d,u(x)i% ld'_*xz and it means that, for ¢ small enough,

. 1
lim sup,,_, ., I,(w) <J. As a consequence,

lim sup
nelA

1 V
[ Bt (”N—Wdu<x>

1 x = ag)’
1 1 2N 1

1 / S AT N
T = (x —ar)' V1 —x2

for 6>0. By orthogonality,

<20

1
/B,,(x)pHN(x)Md,u(x):O, i= 1, Ni, k=1,....K
-1 (x — ag)

and Ry(x) satisfies

1 K
N 1 dx . *
X—a k—— Ra(x :O7 l:l,...,N, kzl,,K
/1,1_[1( ) (x —ar) N()\/l—x2 k

Since {—! H,Ile (x—ak)N;: k=1,...,K; i=1,...,N/}is a basis of the space of

(—’C*a/c)i
polynomials of degree less than or equal to N —1, Ry(x) is the Chebyshev
polynomial of the first kind and degree N up to a constant factor. If we compare the
leading coefficients, Zfi_fo AA;'V T(x) = 2V T (x) [I5, (x — @)™ and the proof is
complete. [

Denote  ¢@*(x) =x+vx>—1 where the square root is such that
|([)_(X)|<1, XEC\[_lal]'

Lemma 2.4. If //(x)>0 a.e., the coefficients A, satisfy

(1) lim,_, oo Apy =A,, v=0,...,2N where Z%/:VO A, Ty(x) = H,le(x — ak)N’t Tn(x).
(i) 3728 4,0~ (%) = 3% [Ty (07 (x))* = 2axe™ (x) + DM
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Proof. From Lemma 2.1 and the ratio asymptotics of p, with u/(x)>0 a..,
we get

2N
. WN( PnyN—v ) — v
lim ——————= =1lim A = A,y X
neA pn+N neA Z " anrN ) ; [(P ( )]

uniformly in compact sets of C\[—1,1]. Denoting again ITpy(x) = Zf 0 2 Ty(x),

since
iN: Av( ) = VX2 —1 (! Toy(2)  dt
_OANQD n L X—t V12

as it can be deduced from the residue theorem after the change ¢ = cosf, the
expression of IT,y in Lemma 2.3 gives

N I (14+ &I (& = 2a& + 1)
DI el el M (s (2 R

VETT IR (@2 )Y

- dé
mi =1 (€=~ ()¢ — 9" (x)
K *
= H —2a,.0” (x) + 1),
In particular, this means that AA— lim,_, Zv o /47;v (p~(x))" =1; but, from
Lemma 2.1, Aoy = lim,_, « fgi;;:g Alo 22\, and Ay = Awn = 2% follows.

Now the coefficients 4; are completely determlned for any subsequence A and we
can assert that lim,_, o, 4,, = 4,,v=0,1...,2N, with

K
Z AT(x) =[] (x—a) ™ Tn(x),
k=1
o N
ZA‘,W —WH Y —2ap(x)+ DY O
v=0 k=1
Theorem 2.1. If 1/(x)>0 a.e. then
(i) B
lim =1
n=0 py(x)

uniformly on compact subsets of C\[—1, 1].
(i) n— N zeros of Bu(x) belong to [—1,1] and the other N zeros accumulate in

[_17 1]
(iif) N
lim Bi“(x) =x+Vvx2-1
n— o Bn(X)

uniformly on compact subsets of C\[—1,1].
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(iv) Iffll log,u’(x)ﬁd'{?> — o0 then

B, (x)
lim =Sy(x
fim = Su()
uniformly on compact subsets of C\[—1,1]. Here Sy(x) denotes the Szegé
Sfunction of 1/ (x). (see [9, Theorem 12.1.2] as well as the definition in p. 276).

Proof. Item (ii) follows from fll Xk B, (x)wy (x) du(x) = 0 for k + N <n and formula
(1). Items (iii) and (iv) are consequences of (i) and the well-known ratio and strong
asymptotics of p,. So, we only need to prove (i).

From Lemma 2.4 we have

. B,(x)
lim wy(x
n—o0 N( )p11+N(x)
2N Ll K v
= 4o :_NH = 2arp (x) + 1),
j=0 k=1
which yields
B, ()
lim w
o W )p )
+ N 1 ud N*
= 2—N ]1_[1 —2arp™ (x) + 1) = wy(x). O
Remark.

1. This relative asymptotics is the same as the relative asymptotics analyzed by
Nevai [7, Lemma 16, p. 132], where he adds to a measure u in the class M(0,1) a
Dirac mass located in [—1, 1].

2. Formula (i) of Theorem 2.1 remains true for a measure p in the Nevai class

M(0,1) because the only facts we use are the ratio and weak asymptotics of
(pn),— and the asymptotics of x( p,), and all these properties are still valid for a
measure in M (0, 1). We only should replace [—1, 1] with supp(u) and everything
works in the same way.

Now we will prove weak asymptotic properties for the Sobolev polynomials B,
To do it we need some auxiliary results.
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Lemma 2.5. With the previous notation, if /' (x) >0 a.e., we get

2N 2N-—v

2N
=D ATo(x)+2> > A T(x)
j=0 v=1 j=0

Proof. From Lemma 2.4, Efﬁ) A;Ti(x) = Ty(x) H,Ile (x — ar)V. Besides, as it
was proved, A,y = Ay, and forj=1,...,N — 1, we get

LS dx

—AN+/ / [T —a) ;TN(X)TN-H(X)M

1

—

:]
~

=

Lo dx
% H —ak (T2N+j( )+ T/(x))\/l—_—xz

-1 k=1

>~
S

e W
=— xX—a kT<x—
2“/1,!‘_[ 2 ]()\/l—xz

and
1/‘ LS dx
- X — ag) kT T —_—
T lg N( ) N]( )m
1 /1 K dx
N xfak /c T +T.x -
27‘[ | 11;[1 2N ]( ) j( ))m
1 /1 K N* dx
— X —ag) *  Ti(x) —,
27.': | lg k ./ ) /—1 —x2

which yields Ay,; = Ay_;j for j=1,...,N — 1. As a consequence

K N
X) [] r—a)™ = AnTw(x) + > Anj(Twi(x) + Tw(x))
k=1 Jj=1

and thus [[5_, (x — @)t = Ay To(x) +2 Z]]\Ll An+;T;(x). Now, if we work out the
coefficients of w3, (x) = (AyTo(x) + 2 Zle A,\ur‘,-T,-(x))2 in terms of the polynomials
(T,)2",, the statement of the Lemma follows. [J

Lemma 2.6. If 1/(x) >0 a.e. and f is a Borel measurable function bounded on [—1, 1]
then
lim f( X)W (%) By () Bk (x) dpa(x)

n— oo
dx

= /_lf(x)w?v(x)Tk(x) T

k=0,1, ...
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Proof. Let / be a Borel measurable function bounded on [—1,1]. Writing the

polynomials wy (x)B, in terms of ( Pn)po @s in Lemma 2.1, from the asymptotics of
the polynomials p, we get

fim [ 7By (B (6 )

2N
= lim f Z An ,jPn+N ] ) Z An+k,vpn+k+N7v(x) d,u(x)

n— oo
v=0

nan} f (Z + Z + Z) Ap, jAnticyPnrN j( X)PntkrN—v (X)) du(x)

v j>v o j<v

dx
AFTi(x) + > AjA(Tierjo(X) + T o (x
Z k ; k+j— ( ) k—(Jj )( ))}m

[rofs
_1 : 2 dx
7n/71f {ZA +2;AAT]V } (%) —
2N 2N—v dx
/ {ZAerzZ ZAA]+VT‘ }Tk(x) -

2
dx
/ f(x WN x) Tye(x)
1 —x2
according to Lemma 2.5. [
Lemma 2.7. If i/ (x) >0 a.e. then
argte
lim lim B (x)du(x) =0, k=1,...,K.
e—0 n—>w ap—¢

Proof. Denoting by ||f]| = ( f,f>"/? the Sobolev norm, for k =1,...,K and i =
0,...,N; we have

. 1
My <inf{||m,|*: degm,<n, 7(a) =1} = —— ——
Yo (B (@)
2
o~ (l a
because 1 =", B ()< "y & 3", (B (a))* and ‘ZB—A») —
(ax
L . Then, for any (k,i) such that M;;>0,>"_, (B V)(ak))zgm and, in

S, (B (a)
particular, §£11>(ak)—)0 for 0<i< Ny and 1<k<K provided that the corresponding
coefficient satisfies the condition M} ;>0. As a consequence,

n— oo

lim 1/\2( x) du(x) = (4)
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For ¢>0, let y, be the function defined by

b3 oo A0 e[ INUS, o — 6,0 + ¢,
& X) =
0 if xe U, [ax — & ax + €.

Then, using Eq. (4), Lemma 2.6 and dominated convergence theorem, we have

K ag+e
lim  lim > / B(x) du(x)
&— n— oo =1

—lim lim <1 — Y2 (W () B(x) ()

e—>0 n— o

:g%( _7/ AOLNE 1—x2>:0’

which gives the lemma. O

Now we can prove the weak convergence for the Sobolev orthonormal
polynomials.

Theorem 2.2. If i/'(x)>0 a.e. and f is a Borel measurable function bounded on [—1, 1]
then

1
lim F(x)Bu(x) By (x) / F(x) T (x k=0,1,....

n— oo 1

Proof. For ¢>0, let , be the function defined in the previous lemma. Let /" be a

Borel measurable function bounded on [—1,1]. Since f(x)(x) is also bounded,
according to Lemma 2.6,

~

Jim f< W2 (X)W (%) By (x) By (x) dpa()
/ SO T, ()

1 —x2

and, by the Lebesgue dominated convergence theorem,

>0 n—w

/f VI—x2 ©)

lim lim / SO (X)Ba(3) B () du()
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Moreover
[ reBB g / T 2
<| [ s /f 03 (B (6) B () ()
\/f W3 (0B, () By () ——/f T2
W1,

n,e

Given 0>0, from (5), lim,_, I,(,?S) <6 for ¢>0 small enough. On the other hand,

K ag+e =R =R
II’S,IS)< S (x)Bu(x) By (x) du(x)|.
k=11 =
Since f is bounded on [—1,1], there exists a constant C such that

|f(x)|<C, xe[-1,1], and we get

znzscz [ @Bl < Z( [ B )

By Lemma 2.7, lim sup,,_, , IM <6 for ¢ small enough. Then

/f BB () /f l—x2

and the proof is complete. [

uk+8 1/2

lim sup <20

n— oo

Theorem 2.3. The polynomials B, satisfy the recurrence relation
WN()C)EH(X) = Z ocn‘,jB\Hj(x), Op—j = On—j js J=1,...,N, oty_n#0.
=N

Furthermore if i/ (x)>0 a.e. then lim,_, o, o, j =0;, j=0,...,N, where

N
(x)=09+2 Z o Tj(x)
=1

and are given by o; =5y w?]i‘,;jﬂ , J=0,...,N, with Woy(&) = Hf:] (fz —2a1.€ +
M

1
In,j = WnBy, B; ) =/ w (%) By (x)Bj(x) du(x) = { By, wnB;) =

for j<n—N.
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Thus we get the recurrence relation with a,, ; = Ay, /= —N, ..., N. Moreover, for
J=1..N, On,—j = <WNBn;Bn—j> - <WNBn—j;Bn> = Up—j, j-
On the other hand, if ¢/(x) >0 a.e., for j =0, ..., N, from Theorem 2.2
1

~ ~ 1 ! dx
lim o, ; = lim wy (x)B,(x)Bi(x) d x:—/w X) T (%) —
Jim 3, = lim [ (0B (0B () duo) = [ TS
1 L ye &N
=— -2 1)k
= g (& = 2a& + )Y e
1

v
=i wiv0). O

In terms of linear operator theory, the recurrence relation may be more useful in
the form given in the following theorem.

Theorem 2.4. If i'(x)>0 a.e., the Sobolev polynomials satisfy the recurrence relation
xgn(x) = hnEnJrl(x) + vngn(x) + hnflgnfl()o + Fn(x)a

where h, and v, are the coefficients of the recurrence relation xp,(x) = hyp,+1(x) +
VuPn(X) + hy—1pn—1(x), and F,(x) are functions such that

F,(x)

n— oo En(x)

= 0 uniformly on compact subsets of C\[—1,1].

Proof. From Lemma 2.1,

2N
x wy(x)B,(x) = Z Ay, iXpnyn—i(x)
=0

2N
= Z An,j(hn+N—jpn+l+N—j(x) + UiH—N—jle—N—j(x)
Jj=0

+ Myt N—jPa14N—(X))

= wy (xX) (hyByi1 (X) + 0,B(x) + 1y By (x))

2N
+ Z (An,jhnvLij - hnAnH.,j)anrlJerj(x)
Jj=0

2N
+ Z An,j(vn+ij - Un)pn+N*j(x)
Jj=0
2N
+ (An, jhn—14N— — 1 An_1, j)Pn—14N—j(X)
=0
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and the lemma follows from Lemma 2.4, Theorem 2.1 (i) and the asymptotics of the
sequence (pn(x)),2y. O

Remark. Once again, we may replace [—1,1] with supp(u) and consider, in
Lemmas 2.6 and 2.7 and Theorems 2.2-2.4, u in the Nevai class M(0, 1) instead
of y/(x)>0 a.e.

3. Fourier series

In this section we are focused on the study of the pointwise convergence
of the Fourier series expansions in terms of the sequence of polynomials

(En)rﬁ o orthonormal with respect to the inner product (1) provided that u
is the Jacobi measure. In order to do this we need some previous results and,

in what follows, we will denote by ||f|| = {f.f>"? the Sobolev norm of a
function f.

Lemma 3.1. Given a positive Borel measure p supported on [—1, 1] with infinitely many
points at the support, the polynomials B, (x) satisfy

O 1f My;>0 then 7 (BY (ax))* = o

(i) sf M;;>0 then ", B! (ak)BE,ﬂ(at) =0 for (1, j)# (k,i) such that M, ;> 0.
(i) rr M;.;>0 then lim,_, o fil(Z’j:O §§i>(ak)§‘,(x))2 du(x) = 0.

Proof. For i=0,1,....N; and k=1,...,K, let /El')k = inf{||m,||* degm, <
n, 10(a;) = 1}. Tt is clear that for all n, Mk,,-éffl';)k and, as it was proved at the
beginning of the proof of Lemma 2.7,

%
Sy (B (@)

Let N* = >°f , (Ni + 1) and introduce the function

2N*
exp{—1=g}, [xI<I,
o(x) = { o

0, |x|=1.

(i)
/nk

Then @e%™(R), ¢(0) =1, |p(x)|<1 for every xeR, and ¢?(0) =0 for i=
Nk, k=1,...,K.Forafixed ke{l,...,K} and >0 such that a, ¢ [ax — ¢, ar +
¢] for t+#k, let us consider the function ¢y ,(x) = ¢(*5%). For i€{0, 1, ..., N}, let

(‘c ak

Wii(x) = and consider a polynomial IT(x) such that IT%(a;) = 1 and satisfies
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max [117)(x) - (wioe) () <e, j=0,1...,N
xe|—1,

Since (wk,(pks)( (a,) =0 for t#k and j=0,1,...,N,, and ()/ij(pk’s)(j)(ak) =9
when 0<;j< Ny, we have

[T < i () s (O] 4 [TL(x) = wiei () e (X

< {ullon —s.a+) max 3,00+ M

xe[—

X N 1/2
+ & (u([—l, m+> 3 Mm')}
=1 j=0
= (My, +h(3))1/27

where lim,_,¢ 1(¢) = 0 because u({ar}) = 0. As a consequence,
1

(0 _ 2 )
MeiS 0, Ok = gy S Mk A

and thus Mk‘,’ = #
o B (@)

Moreover, for (k,i) such that Mj ;>0,

2

Multiplying this equality by /") and taking limit when n— oo, (ii) and (iii) follows

nk
from (i) and the proof is complete. [

Corollary 3.1. Let u be a positive Borel measure supported on [—1,1] with infinitely
many points at the support and let f be a function of L*(u) such that there exist the
derivativesf(i)(a/c) Jori=0,1,....,Nyand k =1, ..., K. If M} ;>0 then

o0

Z E E( ak) —f<i)(ak), i=0,l,...,Nk, k:l,...,K

n=0
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Proof.

Z Cf2 By B (@) / 76> BO (@) B, (x) du(x)

v=0

=

+ Micif Var) > (B (ar))?
v=0
n
+ > M @) Y B (@) B (ak)
J#i v=0

Z Z Mt]f at (Clk)B( )(a,)

t#k j= v=0

N

Since

v

1 n
‘ / 00> B Bx) dut)
- =0

) 1/2
<(/ llf'z(X)du(X>>l/2 / 1 (géwa;«)z%(x)) du(x)§

taking limit in n, the statement follows from Lemma 3.1. [

So, we have convergence at the mass points for any function belonging to L?(u)
and with derivatives at such points. But for the convergence at other points, more
conditions are needed and, in order to study this problem, we start with some

straightforward estimates for the polynomials B,. The polynomial wy(x) defined in
Section 2 will be used again.

Lemma 3.2. Let (py),-, be the sequence of orthonormal polynomials with respect to
the measure p. Then there exists a positive constant C such that

N
[wy (x)B,(x)|<C Z | pusj(x)|  for every xeR.

This lemma is an obvious consequence of Lemma 2.1.
When du(x) = (1 — x)*(1 + x)Pdx, a> —1, p> — 1, i.e. the Jacobi measure, as it
is well known (see [8, Theorem 3.14, p. 101]), the orthonormal polynomials p, satisfy

_ o L 1 ope 1
(1 =x)2"4(1 4+ x)274| p,(x)|<C, a> —5, > —3, (6)

Ipa(x)|<C, —l<a< -1 —1<p< -]

for xe[—1,1] and, as a consequence of the previous lemma, the corresponding
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Jacobi-Sobolev polynomials B, satisfy the condition
|B,(x)| < Ch(x) (7)

for xe (—1, 1)\ U, {ax} and for all n, where h(x) is the function which depends on o
and f deduced from (6) and Lemma 3.2.

Lemma 3.1 gives some properties of the Dirichlet kernels D,(x,t) =
S o B,(x)B,(¢) and, as it was proved in [3] for the case |a;|>1, they satisfy a
Christoffel-Darboux formula deduced from the recurrence relation. If xoe[—1,1]
the polynomial wy(x) — wy(x9) may have more than one zero at [—1, 1] and this is
not convenient for the representation of the Dirichlet kernel. Instead of wy(x) we
will consider the polynomial wy.(x f ,wn(t)dt and, from the positivity of
wy(x), when xo#ax, k=1,..., K, xo is the only zero of wy.1(x) — wyi1(xg) in
[-1,1]. Because the derivatives of wy,i(x) vanish at the a;s, we have

<WN+1§,1,§,,,> = <§n, WN+1§m> and this means that the Sobolev polynomials En
satisfy the recurrence relation

N+1 N+1

WN+1 E Z O,y n+\ )+ Z Ofnfv,vﬁnfv(x)- (8)
v=1

Moreover, the coefficients a,, are bounded because

|°5n7v| :|<WN+1§mB +v>|

< 2

K .
+ 375 Migwwia (@) BY (@) B (ar)]
k=1 i=0

< rr[lalx [way1(x <1 +Z Z My, |B(’> (ar) n+v(ak)|>

bc>

X) n+1 )WNJrl( )d:u(x)

=

and, from Lemma 3.1, §,(f>(ak) are bounded when M ;> 0.

Christoffel-Darboux formula now takes the following form,

Lemma 3.3. The orthonormal polynomials with respect to the inner product (1) satisfy
the following Christoffel-Darboux type formula:
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{wn(x) —wyi ()} §:1()C)§rz(J’)

~

= o1 (By1 (X)B(y
+ a2(By2(X)Bi(y
+ oy 1 2(Bra (x)Booa (p )_EVH(J’)EV—I(X))

+ o a1 (Brpna1 (x)By(3) — Bravi1 (1) By(x))
+ o N w1 (Bot (X)Biow () = Byt (1)Byn(x))

with bounded coefficients.

Corollary 3.2. Let xe(—1, )\Ur_,{a} and u the Jacobi measure. If My ;>0 then

o0
~

>~ BY(a)B,(x) =0

n=0
and the convergence is uniform in compact subsets of (—1, 1)\ Ur_, {ax}.

Proof. Let (k,i) be such that Mk,>0 From the Christoffel-Darboux formula of

Lemma 3.3 it is clear that Y, _, B )(ak)B (x) is a sum of a finite—depending on N—
number of terms of the following type:

By yiy(x) By (o)
W1 (x) — wyp (ax)

v, j

Since the coefficients o,_, ; are bounded, |B,(x)|<h(x) with /(x) a continuous

function in compact subsets of (—1,1)\Uf:1{ak} and lim,_, o, l?,(f)(ak) =0, the
lemma is proved. [

Theorem 3.1. Let xoe(—1,1)\UX, {a} and let f be a function with derivatives at the

points ay such Zhatw belongs to L*(n) when u is the Jacobi measure. Then

(1) Z;C:O <f» §n>§n(x0) :f(X()).
) 1f My >0 then Y20 < f Bu> BY (ar) =/ (ar).

Proof. Because of f'e L?(u) when f<x°) f( )eLz( ), Corollary 3.1 yields (ii). Now, we
denote by S,(x¢;f) the nth partial sum of the Fourier Sobolev expansion and by
D,(x,t) the Dirichlet kernel Y __ B‘,( )B, (). Then
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S (x0) = Sa(x03f) = {f(x0) = f (1), Dulx0, 1)
1

= | (£50) £ (@) Dulia, ) )

1

K
£ Miof(30) = £ (@) Paf )
k=1
K N ;
ST M) S ().
k=1 i=1

From Corollary 3.2 we get

lim (f(x0) = Su(x0:/)) = lim [ (f(x0) =1 (2))Du(x0, 1) dua(1).

n— oo n— o

Using the Christoffel-Darboux type formula, the above expression is the limit of a
sum of a finite—depending on N—number of terms

/1 . §nfi+j(x0)§n7i(t) dﬂ(t)'

(f (x0) = f(2)otn—i;

1 Wt (xo) — w1 (2)

But

‘ / (F(x0) = f(O))amy ;Do G0 B

- WN+1(X0) — w41 (1)
Xo— 1

S (xo) = f(2) =
Oln—i, Bn i B,_;(t) du(t s
= It Bami (o)l ‘/ Xo—1t  wnii(xo) — wai(2) (1) du()

where the coefficients |o,_; ;| are bounded and |]§n,i+j(xo)\ <h(xp) from Lemma 3.2
and the comments after the lemma.
Since the function

Sf(xo0) = f(2) Xo — 1

xXo—1t  wyi1(x0) — w1 (2)

gxo([) =

belongs to L?(u) and there exist the derivatives ggfg (ak), then

Z {Gspr B )’
K N ‘ o 2 )
= Z (/ g ( ) d:u(t) + Z Z Mk,l’gg:lo) (ak)Bﬁzl) (ak)> < ||gx0||
k=1 =0

and, as a consequence, lim,_ o, <ng,§,,> = 0. Taking into account that, when
My;>0,lim,,, . BY (a;) = 0, we have lim,, o, [", g, (£)B(t) du(r) = 0. This means
that lim,.—... (f(xo) = Su(x0if)) = 0. O
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Theorem 3.2. Let f(x) be a function with derivatives at the points ay satisfying a
Lipschitz condition of order 0<n<1 uniformly in [-1,1], ie |f(x+h)—
S(X)|<MIn" for |h|<d and for some 6>0. For the Jacobi measure, if ¢, =
{f,By) then

> aBu(x) =f(x), xe(-1,1),
n=0

and the convergence is uniform in compact subsets of (—1, 1)\ U,If:] {ar}. Moreover, at

the mass points, Y, cnﬁg) (ax) = f(ay) provided that M ;>0.

Proof. As in the previous theorem, we only need to prove that fil f(t)Dy(x,t) du(t)
converges to f(x) for x#a, k=1, ..., K. Besides,

1
[ (£(x) — £ (1) Dy(cx. 1) dp()

1

<

/,t>5<f(X) = (1)) Dy(x, 1) du(r)

+

/‘t< >(f(x) _f(t))D” (x, t) d:“(t)

=1 (x) + I (x).
S(x)—=f (1)

function of the interval (x — &, x + ), belongs to L?(u), using Christoffel-Darboux

Since — Ax—sx+0) (1)), Where y(_5..5 (1) is the characteristic

type formula and the same procedure as in the previous theorem, the term I,Sw(x)
tends to zero.

On the other hand, I.” (x) is a sum of a finite number of terms

i) [ IO EL B0 du),

x—t wypr(x) —wyii(7)

where the coefficients ocn_i,‘,»l?,,_w(x) are uniformly bounded in closed sets of
(—1,1)\UkK:1{ak}. Furthermore, when x belongs to a compact subset F of
(=1, 1)\ U,Ile{ak}, Lipschitz condition gives

(x) —f(t x—t =
= B,i(1) du(1)
[x—1]<d

x—1t wyi1(x) — wyi(0)

du(r)
1-n?

<C
lx—t]<d |x — £

where the constant C depends on max{%: te[—1,1], xeF}, the constant

—wy (t

of the Lipschitz condition, and max{A(x): xe F}, h(x) being the function such that
|B,(x)|<h(x) on the interval (—1,1)\ UL, {a}. Hence, since u is the Jacobi
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measure, for &>0 there exists 6>0 such that |I,§2>(x)|<8 and the pointwise
convergence is proved. The uniform convergence is an easy consequence of the
uniform continuity of —£=/() @ When (y,1) belongs to {(»,7): |y — X<, |r—

W1 (Y)=Wa i1

x|=0, x,yeF} for a fixed xe F and for a fixed 6 such that f‘ M<s, and the

Xt <0 | x—g|'"

compactness of F. [
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